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Competition 1

Junior Division – Problems and Solutions

Problem 1
The infinite nested radical
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converges. Find c.

Solution 1
Note that if

c =

√





More generally it is useful to consider the pattern of numbers in mod 2.

Row 0 1
Row 1 1 1 1
Row 2 1 0 1 0 1
Row 3 1 1 0 1 0 1 1
Row 4 1 0 0 0 1 0 0 0 1
Row 5 1 1 1 0 1 1 1 0 1 1 1
Row 6 1 0 1 0 0 0 1 0 0 0 1 0 1

Looking at the first four entries in each row, starting at Row 2, we see that the
pattern repeats by construction, after Row 6, with a 0 in each row.
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straight line direction up a path of constant gradient. They walk under a tall billboard
after twenty metres and continue walking up the path for another five metres at which
point they turn around and notice that the top of the billboard aligns horizontally with
the top of the building. They continue along up the path a further ten metres where
they turn around again and notice that the top half of the building is now visible above
the billboard. The height of the building is much greater than the height of the bill-



Scenario 2
They return from E to D if the roll of the dice adds up to a number divisible by
three, otherwise they move on from E to A.

Solution 6
Let PX denote the long-term probability that the sales person stays overnight in town
X and let pY Z denote the transition probability that the sales person goes from Y to Z.
Then pAB = 1, pBC = 1, pCD = 1, pDE = 1, pED = p, pEA = 1− p where 0 ≤ p ≤ 1.

We also have PA = PE ×pEA, PB = PA×pAB , PC = PB ×pBC , PD = PC ×pCD+PE ×
pED, PE = PD × pDE . Thus PA = PE × (1− p), PB = PA, PC = PA, PD = PA + PE × p,
PE = PD. But PA+PB+PC+PD+PE = 1 so that 4PA+(p+1)PE = 1. Finally eliminating
PA from PA = PE×(1−p) and 4PA+(p+1)PE = 1, we have 4PE×(1−p)+(p+1)PE = 1
and then PE = 1

5−3p
.

In Scenario 1 the sum of the dice is divisible by 2 if the sum is one of 2, 4, 6, 8, 10, 12
so that p = 1+3+5+5+3+1

36
= 1

2
and PE = 2

7
.

In Scenario 2 the sum of the dice is divisible by 3 if the sum is one of 3, 6, 9, 12 so
that the probability is p = 2+5+4+1
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and PE = 1

4
.
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Senior Division – Problems and Solutions

Problem 1
A travelling sales person tours towns A,B,C,D,E and stays overnight in one of the
towns. If they stay overnight in town A then the next night they stay in town B. If
they stay overnight in town B then the next night they stay in town C. If they stay
overnight in town C then the next night they stay in town D. If they stay overnight in
town D then the next night they stay in town E. If they stay overnight in town E they
roll two fair dice to determine whether they will return toD for the next night or move
on to town A for the next night. They then continue their tour either from D to E or
from A to B, etc. What is the long-term probability of finding them in town E on any
given night in each of the scenarios below:

Scenario 1
They return from E to D if the roll of the dice adds up to a number divisible by
two, otherwise they move on from E to A.

Scenario 2
They return from E to D if the roll of the dice adds up to a number divisible by
three, otherwise they move on from E to A.

Solution 1
See Solution 6 in the Junior Divisi1 Tf
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Now consider
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Using the well-known result for the geometric series
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Solution 6
We are given f(x) = f(x + f(x)) for all x so that if we replace x by x + f(x) we have
f (x+ f(x)) = f (x+ f(x) + f (x+ f(x)) and if we now use the equality f(x+ f(x)) =
f(x) we obtain f(x) = f(x + 2f(x)). Continuing in this fashion we have f(x) = f(x +
nf(x)) for all x and all integers n.

We consider a proof by contradiction to show that f(x) is a constant function.
Suppose that f(x) is not a constant function. Without loss of generality we may as-
sume there exists z ∈ (x, x + f(x)) such that f(x) < f(z) < 2f(x), and furthermore
f(z) = f(z + nf(z)) for all integers n.

Clearly there exists a straight line ℓ that separates the point (z, f(z)) on the graph
from points (x, f(x)) and (x + f(x), f(x)). Without loss of generality we suppose that
the straight line ℓ is given by y = − 1

m
x+ cwherem is a positive integer. It follows from

the continuity of f(x) that there are at least two points (a, f(a)) and (b, f(b))with a 6= b

that lie on the graph and the straight line. This is shown schematically in the figure.

x x+f(x)

f(x)

a bz

f(z)

l

Thus we have c = a + mf(a) and c = b + mf(b) so that f(c) = f(a + mf(a))
and f(c) = f(b + mf(b)). But f(a + mf(a)) = f(a) and f(b + mf(b)) = f(b) so that
f(c) = f(a) = f(b)


