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1. Yes; see gure below.

2. We needk and n such that, 2*1 +:::42%*10 = 142+ :::+n. Simplifying 2¢*2(21° 1) =
n(n + 1), which holds forn=21° 1 andk = 8.

3. Construct a directed graph with 2000 vertices representing the people, with directed
edges connecting the vertices. We want to nd the smallest number of vertices with
two edges connecting them. Each vertex has 1000 outgoing edges, so there is a total
of 1000 2000 edges. The number of ways we can pair two vertices together is 2000
1999 2=1999 1000. So in the best scenario, whereby each vertex of the graph is
connected by at least one edge, we still have 2000L000 1999 1000 = 1000 edges
left over. The extra edges each have to connect vertices that are already connected,
hence giving us at least 1000 pairs of friends.

4. Three. The Joker can look at the rst three digits of Batman's password and copy
them down, then he can then use the fact that the passwords are unique, and deduce



6.
Senior Questions
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If we take the natural log on both sides of the above equation, then
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Notice that the RHS of the last displayed equation is a Riemann sum of b for
X 2 [1;2]. Asn gets very large, the Riemann sum for the approximation of Im{
becomes the exact integral
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3. Consider the nite sumS, = QE:Z COS x . Multiplying S, by sin (5), then using the
trigonometry identity 2 sin x cosx = sin 2x yields
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Therefore,S, = % sin 5z = 2 5 sin = . But



