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That is,

x = d1 + 10� d2 + :
11.05 0 Td [(1))]TJ/F22 11.9552 Tf 12.157 0 Td [(�)]TJ/F19 11.9552 Tf 11.05 0 Td [(d)]TJ/F17 7.9701 Tf 6.082 -1.793 Td [(3)]TJ/F15 11.9552 Tf 6.484 1.793 Td [(+)]TJ/F19 11.9552 Tf 10.856 0 Td [(:)-167(:)-166(:)]TJ/F15 11.9552 Tf 15.492 0 Td [(+)-146((10)]TJ/F20 7.9701 Tf 27.114 4.936 Td [(n)]TJ/F23 7.9701 Tf 5.138 0 Td [(�)]TJ/F17 7.9701 Tf 6.587 0 Td [(1)]TJ/F22 11.9552 Tf 6.483 -4.936 Td [(�)]TJ/F15 11.9552 Tf 11.05 0 Td [(1))]TJ/F22 11.9552 Tf 12.157 0 Td [(�)]TJ/F19 11.9552 Tf 11.05 0 Td [(d)]TJ/F20 7.9701 Tf 6.083 -1.793 Td [(n)]TJ/F19 11.9552 Tf 5.636 1.793 Td [(:)]TJ/F15 11.9552 Tf 9.229 0 Td [((1))]TJ -398.024 -20.014 Td [(Note)-300(that)-301(on)-300(the)-300(RHS)-301(of)-370((1),)-305(the)-301(factor)1(s)-301(10)]TJ/F20 7.9701 Tf 221.38 4.338 Td [(i)]TJ/F22 11.9552 Tf 5.403 -4.338 Td [(�)]TJ/F15 11.9552 Tf 11.32 0 Td [(1)-300(are)-301(divisible)-300(b)27(y)-300(9,)-306(for)-300(all)-300(1)]TJ/F22 11.9552 Tf 145.647 0 Td [(�)]TJ/F19 11.9552 Tf 12.619 0 Td [(i)]TJ/F22 11.9552 Tf 7.314 0 Td [(�)]TJ/F19 11.9552 Tf -403.683 -14.446 Td [(n)]TJ/F22 11.9552 Tf 9.116 0 Td [(�)]TJ/F15 11.9552 Tf 11.426 0 Td [(1.)-428(Therefore,)]TJ/F19 11.9552 Tf 70.268 0 Td [(x)]TJ/F15 11.9552 Tf 10.295 0 Td [(is)-305(divisible)-304(b)27(y)-305(9)-305(if)-304(and)-305(only)-305(if)]TJ/F19 11.9552 Tf 151.539 0 Td [(d)]TJ/F17 7.9701 Tf 6.082 -1.793 Td [(1)]TJ/F15 11.9552 Tf 6.861 1.793 Td [(+)]TJ/F19 11.9552 Tf 11.233 0 Td [(d)]TJ/F17 7.9701 Tf 6.082 -1.793 Td [(2)]TJ/F15 11.9552 Tf 6.861 1.793 Td [(+)]TJ/F19 11.9552 Tf 11.233 0 Td [(:)-167(:)-166(:)]TJ/F15 11.9552 Tf 15.868 0 Td [(+)]TJ/F19 11.9552 Tf 11.232 0 Td [(d)]TJ/F20 7.9701 Tf 6.083 -1.793 Td [(n)]TJ/F15  
11.9552 Tf 9.28 1.793 Td [(is)-305(divisible)-304(b)27(y)]TJ -343.459 -14.446 Td [(9.)]TJ
0 g 0 G
 -21.461 -17.602 Td [((b))]TJ
0 g 0 G
 [-490(W)82(e)-314(claim)-315(that)-314(in)-314(a)-315(based)]TJ/F19 11.9552 Tf 153.332 0 Td [(b)]TJ/F15 11.9552 Tf 4.977 0 Td [(-system,)-317(an)-314(in)27(teger)]TJ/F19 11.9552 Tf 100.531 0 Td [(x)]TJ/F15 11.9552 Tf 9.973 0 Td [(=)]TJ/F19 11.9552 Tf 12.425 0 Td [(d)]TJ/F17 7.9701 Tf 6.083 -1.793 Td [(1)]TJ/F19 11.9552 Tf 4.732 1.793 Td [(d)]TJ/F17 7.9701 Tf 6.083 -1.793 Td [(2)]TJ/F19 11.9552 Tf 6.725 1.793 Td [(:)-167(:)-166(:)-167(d)]TJ/F20 7.9701 Tf 21.815 -1.793 Td [(n)]TJ/F15 11.9552 Tf 9.395 1.793 Td [(is)-314(divisible)-315(b)27(y)]TJ/F19 11.9552 Tf 73.514 0 Td [(b)]TJ/F22 11.9552 Tf 7.342 0 Td [(�)]TJ/F15 11.9552 Tf 11.663 0 Td [(1)]TJ -407.129 -14.446 Td [(if)-324(and)-323(only)-324(if)-323(the)-324(sum)-323(of)-324(its)-324(digits)-323(is)-324(divisible)-323(b)27(y)]TJ/F19 11.9552 Tf 249.982 0 Td [(b)]TJ/F22 11.9552 Tf 7.566 0 Td [(�)]TJ/F15 11.9552 Tf 11.888 0 Td [(1.)-434(By)-324(a)-323(similar)-324(argumen)27(t)-323(as)]TJ -269.436 -14.446 Td [(in)-326((1),)-327(one)-326(has)]TJ/F19 11.9552 Tf 11.782 -20.013 Td [(x)]TJ/F15 11.9552 Tf 9.973 0 Td [(=)]TJ/F19 11.9552 Tf 12.425 0 Td [(d)]TJ/F17 7.9701 Tf 6.083 -1.794 Td [(1)]TJ/F15 11.9552 Tf 7.389 1.794 Td [(+)]TJ/F19 11.9552 Tf 11.761 0 Td [(d)]TJ/F17 7.9701 Tf 6.083 -1.794 Td [(2)]TJ/F15 11.9552 Tf 7.389 1.794 Td [(+)]TJ/F19 11.9552 Tf 11.761 0 Td [(:)-167(:)-166(:)]TJ/F15 11.9552 Tf 16.397 0 Td [(+)]TJ/F19 11.9552 Tf 11.761 0 Td [(d)]TJ/F20 7.9701 Tf 6.083 -1.794 Td [(n)]TJ/F15 11.9552 Tf 8.293 1.794 Td [(+)-222(()]TJ/F19 11.9552 Tf 16.313 0 Td [(b)]TJ/F22 11.9552 Tf 7.634 0 Td  
[(�)]TJ/F15 11.9552 Tf 11.955 0 Td [(1))]TJ/F22 11.9552 Tf 13.062 0 Td [(�)]TJ/F19 11.9552 Tf 11.955 0 Td [(d)]TJ/F17 7.9701 Tf 6.083 -1.794 Td [(2)]TJ/F15 11.9552 Tf 7.389 1.794 Td [(+)-222(()]TJ/F19 11.9552 Tf 16.314 0 Td [(b)]TJ/F17 7.9701 Tf 4.977 4.936 Td [(2)]TJ/F22 11.9552 Tf 7.389 -4.936 Td [(�)]TJ/F15 11.9552 Tf 11.955 0 Td [(1))]TJ/F22 11.9552 Tf 13.062 0 Td [(�)]TJ/F19 11.9552 Tf 11.955 0 Td [(d)]TJ/F17 7.9701 Tf 6.083 -1.794 Td [(3)]TJ/F15 11.9552 Tf 7.389 1.794 Td [(+)]TJ/F19 11.9552 Tf 11.761 0 Td [(:)-167(:)-166(:)]TJ/F15 11.9552 Tf 16.397 0 Td [(+)-222(()]TJ/F19 11.9552 Tf 16.313 0 Td [(b)]TJ/F20 7.9701 Tf 4.978 4.936 Td [(n)]TJ/F23 7.9701 Tf 5.138 0 Td [(�)]TJ/F17 7.9701 Tf 6.586 0 Td [(1)]TJ/F22 11.9552 Tf 7.389 -4.936 Td [(�)]TJ/F15 11.9552 Tf 11.955 0 Td [(1))]TJ/F22 11.9552 Tf 13.062 0 Td [(�)]TJ/F19 11.9552 Tf 11.955 0 Td [(d)]TJ/F20 7.9701 Tf 6.083 -1.794 Td [(n)]TJ/F19 11.9552 Tf 5.637 1.794 Td [(:)]TJ/F15 11.9552 Tf -397.949 -20.014 Td [(Since)]TJ/F19 11.9552 Tf 29.85 0 Td [(b)]TJ/F20 7.9701 Tf 4.977 4.338 Td [(i)]TJ/F22 11.9552 Tf 4.575 -4.338 Td [(�)]TJ/F15 11.9552 Tf 10.493 0 Td [(1)-266(are)-267(divisible)-266(b)27(y)]TJ/F19 11.9552 Tf 88.572 0 Td [(b)]TJ/F22 11.9552 Tf 6.172 0 Td [(�)]TJ/F15 11.9552 Tf 10.492 0 Td [(1,)-278(for)-267(1)]TJ/F22 11.9552 Tf 38.776 0 Td [(�)]TJ/F19 11.9552 Tf 12.619 0 Td [(i)]TJ/F22 11.9552 Tf 7.315 0 Td [(�)]TJ/F19 11.9552 Tf 12.619 0 Td [(n)]TJ/F22 11.9552 Tf 8.182 0 Td [(�)]TJ/F15 11.9552 Tf 10.492 0 Td [(1)-267(()1(i.e)-267(b)27(y)-266(p)-27(olynomial)-267(long)-266(division)]TJ -245.134 -14.446 Td [(argumen)27(t,)-268(see)]TJ/F37 11.9552 Tf 72.974 0 Td [(https://en.wikipedia.org/wik)1(i/Polynomial_long_division)] 
TJ/F15 11.9552 Tf 332.204 0 Td [(),)]TJ -405.178 -14.446 Td [(the)-326(result)-327(follo)28(ws)-327(from)-326(part)-326(()]TJ/F19 11.9552 Tf 148.731 0 Td [(a)]TJ/F15 11.9552 Tf 6.145 0 Td [().)]TJ
0 g 0 G
 -195.587 -22.583 Td [(3.)]TJ
0 g 0 G
 [-490(First,)-326(note)-326(that)-327(1)]TJ/F19 11.9552 Tf 107.275 0 Td [(<)]TJ/F22 11.9552 Tf 12.425 9.391 Td [(p)]TJ
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which implies

2
p

(3� x)(x+ 1) <3

4(3� x)(x+ 1) <9

�4x2 + 8x+ 3 <0:

Solving the above quadratic inequality and recalling that �1 � x � 3 gives 1 � x <
�1 + 1
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4. Consider g(x) := f(x)� 1. We have

g(xy) = f(xy)� 1 = yf(x) + xf(y)� x� y = yg(x) + xg(y):

Next, set h(x) = g(x)
x

then

h(xy) =
g(xy)

xy
=
g(x)

x
+
g(y)

y
= h(x) + h(y):

Hence, h(x) = ln(x). Thus, f(x) = x ln(x) + 1.

5. (a) Let x and y be the two natural numbers. We wish to �nd the largest value
of xy = x(2016 � x), the concaved down parabola with roots 0 and 2016. The
maximum is at the turning point x = 1008. So the greatest product is xy = 10082.

(b) Let x1 � x2 � : : : � xn be the n natural numbers. If any of the natural numbers
is 1, then x1 = 1 and the product x1x2 : : : xn is not maximum, because we can
add x1 to any one of the other natural numbers and always end up with a greater
product.

Now, suppose that one of natural number say x1 is greater than 3, then we can
split x1 into x1 � 2 and 2. The result of the product is

2� (x1 � 2)� x2x3x4 : : : xn � x1x2 : : : xn:

Therefore, the product x1x2 : : : xn is greatest when each x1; x2; : : : xn either 2 or
3.

Finally, if three or more of the natural number are 2’s, then we can combine them
into two 3’s, then product will be greater than it was before since 2�2�2 < 3�3.

Hence, the to obtain the greatest product of x1; x2; : : : xn when x1 = x2 = : : : =
xn = 3. In particular, the greatest product of the natural numbers that sum to
2016 is 32016=3.

6. The sum of angles of a polygon is (n� 2)� 180 (you may want to show this). Hence,
the internal angles of each pentagon and decagon is 108◦ and 144◦ respectively. Since
the length of the sides of both shapes are 1, to make sure there is no gap between tiles,
we must join two corners of the a pentagon to each one corner of the decagon to make
2� 108◦ + 144◦ = 360◦; This will not work without overlaps.
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Senior Questions

1. Let x = 2a


